Abstract. Let E be an elliptic curve over Q, and let n ≥ 1. The central object of study of this article is the division field Q(E[n]) that results by adjoining to Q the coordinates of all ntorsion points on E(Q). In particular, we classify all curves E/Q such that Q(E[n]) is as small as possible, that is, when Q(E[n]) = Q(ζn), and we prove that this is only possible for n = 2, 3, 4, or 5. More generally, we classify all curves such that Q(E[n]) is contained in a cyclotomic extension of Q or, equivalently (by the Kronecker-Weber theorem), when Q(E[n])/Q is an abelian extension. In particular, we prove that this only happens for n = 2, 3, 4, 5, 6, or 8, and we classify the possible Galois groups that occur for each value of n.
Introduction
Let E be an elliptic curve defined over Q, and let n ≥ 1. The central object of study of this article is the division field Q(E[n]) that results by adjoining to Q the coordinates of all n-torsion points on E(Q), where Q is a fixed algebraic closure of Q. The existence of the Weil pairing ( [37] , III, Corollary 8.1.1) implies that Q(E[n]) contains all the n-th roots of unity of Q, i.e., we have an inclusion Q(ζ n ) ⊆ Q(E[n]), where ζ n is a primitive n-th root of unity. The goal of this article is to study the case when Q(E[n]) is as small as possible, that is, when Q(E[n]) = Q(ζ n ) and, more generally, when Q(E[n]) is contained in a cyclotomic extension of Q or, equivalently (by the Kronecker-Weber theorem), when Q(E[n])/Q is an abelian extension. For instance:
• (n = 2) E 15a2 : y 2 + xy + y = x 3 + x 2 − 135x − 660, satisfies Q(E [2] ) = Q = Q(ζ 2 ), • (n = 3) E 19a1 : y 2 + y = x 3 + x 2 − 9x − 15, satisfies Q(E [3] ) = Q( √ −3) = Q(ζ 3 ), • (n = 4) E 15a1 : y 2 + xy + y = x 3 + x 2 − 10x − 10, satisfies Q(E [4] ) = Q(i) = Q(ζ 4 ), • (n = 5) E 11a1 : y 2 + y = x 3 − x 2 − 10x − 20, satisfies Q(E [5] ) = Q(ζ 5 ), • (n = 6) E 14a1 : y 2 + xy + y = x 3 + 4x − 6, satisfies Q(E [6] ) = Q(ζ 6 , √ −7), • (n = 8) E 15a1 : y 2 + xy + y = x 3 + x 2 − 10x − 10, satisfies Q(E [8] 
.
Previously, Paladino [30] has classified all the curves E/Q with Q(E [3] ) = Q(ζ 3 ). In a more general setting, when E is defined over a number field K, the work of Halberstadt, Merel [27] , Merel and Stein [28] , and Rebolledo [32] shows that if p is prime, and K(E[p]) = Q(ζ p ), then p = 2, 3, 5 or p > 1000.
The main result of this article is a complete classification (and parametrization) of all elliptic curves E/Q, up to isomorphism over Q, such that Q(E[n]) is abelian over Q, and those curves such that Q(E[n]) = Q(ζ n ). Furthermore, we classify all the abelian Galois groups Gal(Q(E[n])/Q) for each value of n ≥ 2 that may occur.
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Let ρ E,n : Gal(Q/Q) → Aut(E[n]) ∼ = GL(2, Z/nZ) be the representation induced by the action of Galois on E[n]. In [35] , Section §4.3, Serre asked whether there is a constant N , that does not depend on E, and such that ρ E,p is surjective for all elliptic curves E/Q without CM, and for all p > N . Serre actually asks whether N = 37 works. This question, usually known as "Serre's uniformity problem", has generated great interest (see [1] , [4] , [5] , [7] , [20] , [25] , [31] ). We note here that, as a corollary of our theorem, we obtain the following uniform statement: Corollary 1.2. For any n ≥ 9, and any elliptic curve E/Q, the image of ρ E,n is non-abelian.
In the course of proving Theorem 1.1, we show the analogous statement in the simpler case of elliptic curves with complex multiplication. The structure of the article is as follows. In Section 2 we quote useful prior results in the literature about torsion subgroups and isogenies, which we use in Section 3 to prove a number of intermediary results. In Section 4, we study the problem of abelian division fields for the subset of elliptic curves over Q with complex multiplication, and we prove Theorem 1.3 (see Theorem 4.3) . In Section 5 we prove Theorem 1.1 (see Theorems 5.2 and 5.3), and in Section 6 we describe the (infinite) families with each combination of abelian division field and torsion structure over Q. Finally, in the Appendix (a.k.a. Section 7) we include tables with concrete examples of elliptic curves with each possible combination of Galois group and rational torsion structure.
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Prior literature
In this section we cover a number of results on torsion subgroups and isogenies that will be needed in the proof of Theorem 1.1. First, we quote two results on torsion subgroups over quadratic fields.
Theorem 2.1 (Kenku, Momose, [17] ; Kamienny, [15] ). Let K/Q be a quadratic field and let E/K be an elliptic curve. Then
Theorem 2.2 (Najman, [29] , Theorem 2). Let E/Q be an elliptic curve defined over Q, and let F be a quadratic number field. Then,
The work of Laska, Lorenz, and Fujita, classifies all the possible torsion structures that can occur for elliptic curves over Q when base-changed to a polyquadratic number field (i.e., a number field contained in the maximal elementary 2-abelian extension of Q, which we will call Q(2 ∞ ) below). We quote their results next. Theorem 2.3 (Laska, Lorenz, [21] ; Fujita, [13] ). Let E/Q be an elliptic curve defined over Q, and let
. Then, the torsion subgroup E(Q(2 ∞ )) tors is finite, and it is isomorphic to one of the following groups:
The following result is a criterion to decide whether a given point is twice another point over the same field. . Let E/K be an elliptic curve defined over a number field K, given by E :
with pairwise distinct α, β, γ ∈ K. For P = (x 0 , y 0 ) ∈ E(K), there exists Q ∈ E(K) such that 2Q = P if and only if x 0 − α, x 0 − β, and x 0 − γ are all squares in K.
As a corollary of the previous criterion, we deduce a description of the 4-torsion of an elliptic curve.
Corollary 2.5. Let E/F be an elliptic curve defined over a number field F , given by
with α, β, γ ∈ F . Then,
Proof. This follows directly from Proposition 2.4, and the fact that
We will also use the following result of Kenku on the maximum number of isogenous curves over Q in an isogeny class. The notation C(E) and C p (E) introduced in the statement below will be used several times in our proofs. Theorem 2.6 (Kenku, [16] ). There are at most eight Q-isomorphism classes of elliptic curves in each Q-isogeny class. More concretely, let E/Q be an elliptic curve, define C(E) as the number of distinct Q-rational cyclic subgroups of E (including the identity subgroup), and let C p (E) be the same as C(E) but only counting cyclic subgroups of order a power of p, for each prime p. Then, ≤ 8 4 3 2 2 2 2 2 2 2 2 2.
The next result we quote describes the possible isomorphism types of Gal(Q(E[p])/Q). In particular, fix a Z/pZ-basis of E[p], and let ρ E,p : Gal(Q/Q) → GL(E[p]) ∼ = GL(2, Z/pZ) be the representation associated to the natural action of Galois on E[p], with respect to the chosen basis of Rouse and Zureick-Brown have classified all the possible 2-adic images of ρ E,2 : Gal(Q/Q) → GL(2, Z 2 ) (see previous results of Dokchitser and Dokchitser [8] on the surjectivity of ρ E,2 mod 2 n ), and Sutherland and Zywina have conjectured the possibilities for the mod p image for all primes p. Theorem 2.8 (Rouse, Zureick-Brown, [33] ). Let E be an elliptic curve over Q without complex multiplication. Then, there are exactly 1208 possibilities for the 2-adic image ρ E,2 ∞ (Gal(Q/Q)), up to conjugacy in GL(2, Z 2 ). Moreover, the index of ρ E,2 ∞ (Gal(Q/Q)) in GL(2, Z 2 ) divides 64 or 96.
Conjecture 2.9 (Sutherland, Zywina, [39] ). Let E/Q be an elliptic curve. Let G be the image of ρ E,p . Then, there are precisely 63 isomorphism types of images.
The Q-rational points on the modular curves X 0 (N ) have been described completely in the literature, for all N ≥ 1. One of the most important milestones in their classification was [26] , where Mazur dealt with the case when N is prime. The complete classification of Q-rational points on X 0 (N ), for any N , was completed due to work of Fricke, Kenku, Klein, Kubert, Ligozat, Mazur and Ogg, among others (see [9] eq. (80); [10] ; [11] , [12] pp. 370 -458; [14] p. 1889; [24] ; [2] ; [26] ; [16] ; or the summary tables in [22] Faltings' theorem) there are only finitely many Q-rational points.
Preliminary results
In this section we prove a number of results that will be used in Section 5 to prove the main results of this paper. 
We 
if necessary (i.e., take m −1 Gm instead of G), we may assume that g = a 0 0 d since, indeed, m −1 gm is diagonal modulo p 2 of the indicated form). Moreover, we note that the conjugation by m sends G to another group that is congruent to a diagonal subgroup when reducing modulo p, since m is congruent to the identity modulo p.
holds if and only if
Since a and d are units and a − d ≡ 0 mod p, this implies that b ′ ≡ c ′ ≡ 0 mod p, and therefore t ∈ G must be diagonal modulo p 2 . Proof. Suppose that G is a Borel subgroup. Since the determinant of ρ E,p is the cyclotomic character χ p : Gal(Q/Q) → (Z/pZ) × , which is surjective, there must be a matrix in G whose diagonal entries are distinct mod p (otherwise all determinants would be squares in (Z/pZ) × ). Then, Lemma 3.2 implies that, without loss of generality, we can assume G = G d G 1 in the notation of Definition 3.1, and so [G, G] = G 1 . Since G is abelian, we must have that G 1 is trivial, and therefore
Corollary 3.5. Let E/Q be an elliptic curve, let p > 2 be a prime, and let G be the image of ρ E,p 2 . Suppose that G is abelian, and further assume that G mod p is contained in a Borel subgroup of
Proof. If G is abelian, then G mod p is abelian as well. By Proposition 3.4, there is a basis of E[p 2 ] such that G mod p is diagonal. Moreover, as pointed out in the proof of the proposition, there is a matrix in G whose diagonal entries are distinct modulo p. Hence, Lemma 3.3 applies, and there is a basis of
Proposition 3.6. Let E/Q be an elliptic curve. Let p > 2 be a prime, let G be the image of ρ E,p , and suppose that G is abelian, and contained in the normalizer of a split Cartan subgroup of GL(2, Z/pZ). Then, G must be diagonalizable.
Proof. In order to abbreviate matrix notation, we define diagonal and anti-diagonal matrices:
It is easy to show that the normalizer of the split Cartan subgroup of GL(2, F p ) is the subgroup
and, therefore, ac ≡ bc, ad ≡ bd mod p, and so
In summary, so far we have shown that
where ε is fixed. Moreover, G must contain an element σ that corresponds to the image of a complex conjugation in Gal(Q/Q). Thus, det(ρ E,p (σ)) = χ p (σ) ≡ −1 mod p, and (ρ E,p (σ)) 2 must be the identity, thus, the eigenvalues of ρ E,p (σ) are 1 and −1. Since the eigenvalues of D(a, a) are a, a, and the eigenvalues of A(εc, c) are ±c √ ε, we must have σ = A(εc, c) where ε ≡ µ 2 ∈ (F × p ) 2 is a square modulo p, and c ≡ ±µ −1 mod p. Hence,
for some fixed µ ∈ F × p . Since the matrices D(a, a) and A(µ 2 c, c), for any a, c ∈ F × p , fix the subspaces (µ, 1) and (−µ, 1) , and p > 2 (thus, the two subspaces are independent), it follows that G is diagonalizable, as desired.
Proposition 3.7. Let E/Q be an elliptic curve. Let p > 2 be a prime, let G be the image of ρ E,p , and suppose that G is abelian, and contained in the normalizer of a non-split Cartan subgroup of GL(2, Z/pZ). Then, G must be diagonalizable.
Proof. Suppose first that G is contained in a non-split Cartan subgroup of GL(2, Z/pZ), i.e.,
where ε is a fixed quadratic non-residue modulo p. Let σ ∈ Gal(Q/Q) be a complex conjugation. Then, det(ρ E,p (σ)) = χ p (σ) ≡ −1 mod p, where χ p is the p-th cyclotomic character. Moreover, (ρ E,p (σ)) 2 must be the identity. Since C ns is cyclic of order p 2 − 1, there is a unique element of order 2, namely − Id, but det(− Id) ≡ 1 mod p, and we have reached a contradiction (because p > 2 and 1 ≡ −1 mod p). Thus, G ⊂ C ns is impossible. Now suppose that G is contained in C + ns , the normalizer of C ns , i.e.,
but G ⊂ C ns . In order to abbreviate matrix notation, let M (a, b) be an element of C ns , and let
which implies 2εbd ≡ 0 mod p. Since p > 2 and d ≡ 0 mod p, we conclude that b ≡ 0 mod p. Hence,
Moreover, if σ ∈ Gal(Q/Q) is a complex conjugation, we have det(ρ E,p (σ)) = χ p (σ) ≡ −1 mod p, and (ρ E,p (σ)) 2 must be the identity, thus, the eigenvalues of ρ E,p (σ) are 1 and −1. In particular, ρ E,p (σ) is of the form N (c, d), whose eigenvalues are c ± √ −εd = ±1, and so c = 0 and −ε ≡ µ 2 mod p for some fixed µ ∈ (Z/pZ) × . Now it is easy to verify that all matrices of the form M (a, 0) and N (e, f ) fix the same one-dimensional spaces (µ, 1) and (−µ, 1) , and therefore G must be diagonalizable.
Proof. By the classification of maximal subgroups of GL(2, Z/pZ) in Theorem 2.7, the group G is a conjugate of a subgroup in one of the options (1)-(4). If G is abelian, then it is clear that option (3) is impossible, as G would have a non-abelian quotient. Moreover, if G is abelian, then options (1), (2) , and (4) imply that G is diagonalizable, by Propositions 3.6, 3.7, and 3.4, respectively. Corollary 3.9. Let E/Q be an elliptic curve, let p > 2 be a prime, and suppose that Q(E[p])/Q is abelian. Then, the Q-isogeny class of E contains at least three distinct Q-isomorphism classes, and C p (E) ≥ 3 (in the notation of Theorem 2.6). In particular, p ≤ 5.
Proof. If p > 2 and Q(E[p])/Q is abelian, then Theorem 3.8 says that there is a Z/pZ-basis {P, Q} of E[p], such that the image of ρ E,p is diagonalizable. Hence, P and Q are distinct Galois-stable cyclic subgroups of E. Therefore, C p (E) ≥ 3. By Theorem 2.6, this is only possible if p ≤ 5.
Proposition 3.10. Let E/Q be an elliptic curve, let p be a prime, and suppose that
Proof. Suppose that Q(E[p 2 ])/Q is abelian, and p > 2. In particular, Q(E[p]) is abelian and Corollary 3.9 says that p ≤ 5. It follows that the image of ρ E,p 2 , call it G, is abelian, and Theorem 3.8 implies that G mod p is diagonal in some basis. Hence, Corollary 3.5 says that G itself is also diagonalizable. Thus, there is a Z/p 2 Z-basis {P, Q} of E[p 2 ] such that P and Q are Gal(Q/Q)-invariant. But then, C p (E) ≥ 5, as {O}, P , pP , Q , pQ , are all invariant subgroups of order a power of p. This is impossible for p = 3 or 5 because C 3 (E) ≤ 4 and C 5 (E) ≤ 3, respectively. Thus, p = 2.
Lemma 3.11. Let E/Q be an elliptic curve, and let E ′ /Q be a curve with j(E) = j(E ′ ). Let n > 2, and put
Proof. The first part can be found, for instance, in Lemma 9.6 of [22] . The rest is all immediate from the equation
Proof. Suppose Gal(Q(E [6] )/Q) is abelian. We will show in Section 4 that this is impossible for CM curves, so we may assume in particular that j = 0, 1728. Then, Gal(Q(E [2] )/Q) is itself abelian, and therefore either trivial, or isomorphic to Z/2Z or Z/3Z. If Gal(Q(E [2] )/Q) is trivial, then Q(E[2]) = Q and all 2-torsion points are rational. In particular, C 2 (E) ≥ 4 (with notation as in Theorem 2.6). If in addition Q(E [3] ) is abelian, then Theorem 3.8 implies that C 3 (E) ≥ 3. Thus, we would have C(E) ≥ C 2 (E) · C 3 (E) ≥ 12 > 8, which contradicts Theorem 2.6. Hence, this is impossible.
It remains to eliminate the possibility of Gal(Q(E [2] )/Q) ∼ = Z/3Z and Q(E [3] ) abelian. Let us assume this occurs for a contradiction. Since Q(E [3] ) is abelian over Q, Theorem 3.8 says that j(E) appears as a non-cuspidal point in X s (3), the modular curve associated to a split Cartan image for p = 3. The curve X s (3) is of genus 0 ( [39] ) and the j-line j : X s (3) → P 1 (Q) is equal to the one for X(3) (see Section 6.2 below). Since j = 0, 1728, Lemma 3.11 implies that there exists some t 0 ∈ Q such that E is a quadratic twist of the elliptic curve E ′ with Weierstrass model:
In particular, we must have that the discriminant of E ′ /Q is a perfect square. Since ∆ E ′ = 2 12 3 9 (t 3 0 −1) 3 , this means that there is v 0 ∈ Q such that v 2 0 = 3(t 3 0 −1). The curve C : v 2 = 3(u 3 −1) is Q-isomorphic to E ′′ : y 2 = x 3 − 27 by the change of variables (x, y) = 3(u, v) and E ′′ is the elliptic curve 36a3 that satisfies E ′′ (Q) = {O, (3, 0)}. Thus, the only affine point on C is (1, 0), and therefore, E ′ cannot exist and neither can E/Q with the given properties. This shows that the only possibility when
Lemma 3.13. The extension Q(E [10] )/Q is never abelian for an elliptic curve E defined over the rationals.
Proof. We will show in Section 4 that this is impossible for CM curves, so we may assume in particular that j = 0, 1728. Let us suppose for a contradiction that Q(E [10] )/Q is abelian for an elliptic curve E/Q. Then, Q(E [2] )/Q and Q(E [5] )/Q are abelian. In particular, Gal(Q(E [2] )/Q) is trivial, or isomorphic to Z/2Z, or Z/3Z. In the first two cases, E has a non-trivial rational 2-torsion point P ∈ E(Q) [2] , and therefore a 2-isogeny E → E/ P . Since Q(E [5] )/Q are abelian, Corollary 3.9 implies that E contains two distinct non-trivial, Galois-stable, cyclic subgroups of order 5, say Q 1 and Q 2 . Then,
is an isogeny of degree 50, which cannot exist by Theorem 2.10. Hence, Gal(Q(E [2] )/Q) cannot be trivial or Z/2Z.
Suppose then Gal(Q(E [2] )/Q) ∼ = Z/3Z for some elliptic curve y 2 = f (x), where f (x) is an irreducible cubic polynomial with distinc roots (over C). Then, Gal(Q(E [2] )/Q) = Gal(f ) = Z/3Z and this occurs if and only if Disc(f ) is a perfect square. Since Q(E [5] )/Q is abelian, it follows from Theorem 3.8 that j(E) appears as a non-cuspidal point in X s (5), i.e., the modular curve associated to the split-Cartan image for p = 5. The curve X s (5) is of genus 0 ( [39] ; see also Section 6.4 below), and the j-line j : X s (5) → P 1 (Q) can be given as follows j Xs(5) (t) = j(t) := (t 2 + 5t + 5) 3 (t 4 + 5t 2 + 25) 3 (t 4 + 5t 3 + 20t 2 + 25t + 25) 3 (t(t 4 + 5t 3 + 15t 2 + 25t + 25)) 5 .
Thus, j(E) = j(t 0 ) for some t 0 ∈ Q * . It follows that E is a quadratic twist of the curve
with j(E ′ ) = j(t 0 ). Since E and E ′ are quadratic twists of each other, it follows from Lemma 3.11 that E ′ also satisfies Gal(Q(E ′ [5] )/Q) is abelian, and Gal(Q(E ′ [2] )/Q) ∼ = Z/3Z. In particular, the discriminant of E ′ must be a perfect square. In this case we have
This implies that there is y 0 ∈ Q such that
. In other words, (t 0 , y 0 ) is an affine point on the hyperelliptic genus 3 curve:
Note that (1 : 0 : 0), (0 : 0 : 1) ∈ C(Q) and C has the automorphism τ of degree 2 given by
Therefore, we have a degree 2 morphism:
where E ′′ : v 2 = u 3 + u 2 − u and π({(1 : 0 : 0), (0 : 0 : 1)}) = O ∈ E ′′ (Q). Now, E ′′ is the elliptic curve 20a2 that satisfies E ′′ (Q) ≃ Z/6Z. In particular:
It is an straightforward computation to check that π −1 (E ′′ (Q)) ∩ C(Q) = {(1 : 0 : 0), (0 : 0 : 1)}. From here it follows that C(Q) = {(1 : 0 : 0), (0 : 0 : 1)}. Hence, the only rational points on C correspond to cusps of X s (5). We conclude that E ′ cannot exist, and neither does E, i.e., Gal(Q(E [10] )/Q) cannot be abelian for an elliptic curve E/Q.
Abelian division fields in CM curves
In this section we study elliptic curves E/Q with complex multiplication by an order in an imaginary quadratic field K = Q( √ −d), and characterize, for each isomorphism class, when Q(E[n]) is abelian, and when Q(E[n]) = Q(ζ n ). Our results are summarized in Theorem 4.3 and Table 1 Proof. This is immediate from the formulas for the 2nd and 3rd division polynomials, ψ 2 and ψ 3 , for the surface y 2 = x 3 + s, which are given by ψ 2 (x) = x 3 + s, and ψ 3 (x) = x(x 3 + 4s).
Lemma 4.2. Let E/Q be an elliptic curve with j = 1728 and given by a model y 2 = x 3 + sx over Q. Then, E/Q has a rational 2-isogeny. In addition,
(1) E/Q has three rational 2-isogenies if and only if s = −t 2 , for some non-zero integer t, or equivalently, if E/Q is a quadratic twist of y 2 = x 3 − x.
(2) E/Q has a rational 4-isogeny if and only if s = t 2 , for some non-zero integer t, or equivalently, if E/Q is a quadratic twist of y
Proof. This is immediate from the formulas for the 2nd and 4th division polynomials, ψ 2 and ψ 4 , for the surface y 2 = x 3 + sx, which are given by
so that ψ 4 (x)/ψ 2 (x) = (x 2 − s)(x 4 + 6sx 2 + s 2 ). 
Proof. Since there are only 13 complex multiplication j-invariants over Q, it suffices to check the structure of the division fields for an elliptic curve over Q with each one of these j-invariants, and their twists. By Corollaries 3.9, and Proposition 3.10, it suffices to check the 2 n , 3, and 5 division fields, and their possible compositums. Moreover, if Q(E[2 n ]) is abelian, then there is a 2-isogeny; and if Q(E[p]), with p = 3, or 5, is abelian, then E/Q has two independent p-isogenies. Since no j-invariant with CM has a 5-isogeny, Q(E [5] ) is never abelian. The CM j-invariants with a 2-isogeny are those with d K = −3, −4, −7, or −8. For curves E with one of these invariants, we have
, and in particular,
If Q(E [4] ) is abelian, then, in particular, Q(E [2] ) is abelian. We distinguish several cases depending on the j-invariant of the curve:
(1) If j = 0, then E : y 2 = x 3 + t 3 , by Lemma 4.1. However, in this case, Corollary 2.5 implies
, where D 4 is the dihedral group of order 8. Hence the extension is not abelian. (2) If j = 1728, then E : y 2 = x 3 + sx, for some s ∈ Q. Corollary 2.5 implies that
Then, G = Gal(Q(E[4])/Q) can have 4 isomorphism types according to the value of s:
, which is also non-abelian of order 16.
, then E is a quadratic twist of E ′ : y 2 = x 3 − 15x + 22. However, one can verify that Gal(Q(E ′ [4] )/Q) is non-abelian, and therefore Gal(Q(E [4] )/Q) is non-abelian also by Lemma 3.11. Similarly, one checks that the 4-torsion is not abelian in the cases of j = 2 3 · 3 3 · 11 3 , and −3 3 · 5 3 , and 3 3 · 5 3 · 17 3 , and 2 6 · 5 3 .
If Q(E[8])/Q is abelian, then Q(E[4]
) is abelian, and therefore, E : y 2 = x 3 ± t 2 x, for some t ∈ Q. Thus, E is a quadratic twist of either E + : y 2 = x 3 + x or E − : y 2 = x 3 − x. By Lemma 3.11, if Gal(Q(E [8] )/Q) is abelian, then so is Gal(Q(E ± [8] )/Q). However, the field Q(E ± [8] ) contains the number field generated by a root of
and Gal(f ± ) ∼ = D 4 (note: the polynomials f ± are divisors of the 8th division polynomial of E ± ). Thus, Gal(Q(E ± [8] )/Q) and Gal(Q(E [8] )/Q) are non-abelian. In particular, we have shown Q(E [8] )/Q is never abelian for a CM curve. The only CM j-invariant with a 3-isogeny is j = 0 and Lemma 4.1 says that the only curves with j = 0 and two distinct 3-isogenies are those of the form E : y 2 = x 3 + 16t 3 , for some t ∈ Q × . In this case,
Finally, it remains to show that Q(E [6] ) and Q(E [12] ) cannot be abelian for any CM curve. However, for those CM j-invariants with Q(E [3] )/Q abelian, we have Gal(Q(E [2] )/Q) ∼ = S 3 , and therefore neither Q(E [6] ) nor Q(E [12] ) can be abelian over Q. This concludes the proof of the theorem.
Proof of the main theorem
We begin the proof of our main Theorem 1.1, by dealing with the case when n is a power of 2.
Theorem 5.1. Let E/Q be an elliptic curve without CM such that Q(E[2 n ])/Q is an abelian extension for some n. Then, n ≤ 3. Moreover, G n = Gal(Q(E[2 n ])/Q) is isomorphic to one of the following groups:
In particular, if Q(E[4])/Q or Q(E[8])/Q is abelian, then it is polyquadratic (i.e., contained in Q(2 ∞ ), with notation as in Theorem 2.3).
Proof. Let n ≥ 1 be fixed and let E/Q be an elliptic curve such that Q(E[2 n ])/Q is an abelian extension. Then, the image ρ E,2 n (Gal(Q/Q)) ⊂ GL(2, Z/2 n Z) is abelian. In other words, the mod 2 n reduction of the 2-adic image ρ E,2 ∞ (Gal(Q/Q)) is an abelian subgroup of GL(2, Z/2 n Z). By Theorem 2.8, there are precisely 1208 possibilities for the 2-adic image ρ E,2 ∞ (Gal(Q/Q)) up to conjugacy, and these subgroups have been explicitly described in [33] . More concretely, the authors of [33] describe a set H of 1208 pairs (H, 2 N ) where H is a subgroup of GL(2, Z/2 N Z), such that (H, 2 N ) ∈ H if and only if there is an elliptic curve E/Q such that ρ E,2 ∞ (Gal(Q/Q)) is the full inverse image of H under the reduction map modulo 2 N .
Thus, to compute all the possible cases when Q(E[2 n ])/Q is an abelian extension, it suffices to: (i) Find all the pairs (H, 2 N ) ∈ H such that H mod 2 n is abelian (within GL(2, Z/2 n Z)), for n ≤ N , and (ii) Find all the pairs (H, 2 N ) ∈ H such that the full inverse image of H in GL(2, Z/2 n Z) under reduction modulo 2 N is abelian (as a subgroup of GL(2, Z/2 n Z)), for n > N . We have used Magma [3] in order to find all the groups H as above. We follow the labels as in [33] , where they list groups by a number from 1 to 727, or by a label of the form Xks, where 1 ≤ k ≤ 243 and s is a letter. Below, we list all the pairs (<label>, 2 N ) that fall in each category (i) and (ii) as above:
( Tables 3 and 4 in Sections 7.3 and 7.4 resp. (we have also included the torsion structure defined over Q for each type of abelian image) and we conclude the statement of the theorem.
We are finally ready to put together the proof of the main theorem. 
Proof. The elliptic curves with CM have already been treated in Theorem 4.3, so we assume here that E/Q has no CM. Let n = 2 e 1 · p e 2 2 · · · p er r be a prime factorization of n, where each p i is a distinct prime (here p 1 = 2) with e i ≥ 1 for i ≥ 2, and e 1 ≥ 0. Since Q(E[p
/Q is abelian, and therefore e 1 ≤ 3 by Theorem 5.1. Similarly, Q(E[p i ])/Q is abelian. Hence, Corollary 3.9 says that p i ≤ 5 and C p i (E) ≥ 3 if p i > 2. Thus, if both 3 and 5 appeared in the factorization of n, we would have C(E) ≥ C 3 (E) · C 5 (E) ≥ 9 which is impossible by Theorem 2.6. Hence, n = 2 e 1 p e 2 with p = 3 or 5, and e 1 ≤ 3.
Suppose e 2 ≥ 2 and p = 3 or 5. Then, Q(E[p e 2 ])/Q is abelian, but Proposition 3.10 says that this is impossible. Hence, we have reached a contradiction and e 2 ≤ 1, i.e., n is a divisor of 24 or 40. However, if e 1 ≥ 1 and e 2 = 1 with p = 5, then Q(E [10] )/Q would be abelian which is impossible by Lemma 3.13. Thus, n is a divisor of 5 or 24.
Since Q(E [12] ) ⊆ Q(E [24] ), it suffices to show that Q(E [12] ) cannot be abelian. If Q(E [12] ) was abelian, then Q(E [6] ) is abelian. Lemma 3.12 says that we must have Gal(Q(E [2] )/Q) ∼ = Z/2Z and so E/Q must have exactly one non-trivial 2-torsion point defined over Q. Since Q(E [4] )/Q is also abelian, then the image of G = ρ E,4 (Gal(Q/Q)) must be one of the groups given in Table 3 ( §7. 3) such that E(Q)[2] ∼ = Z/2Z. Thus, G is one of X27, X60, X27f, X27h, or X60d, in the notation of the subgroups described in [33] . However, each of these groups have an invariant cyclic subgroup of order 4 or, in other words, the associated elliptic curves E have a 4-isogeny. If so, then C 2 (E) ≥ 3 (in the notation of Theorem 2.6), and C 3 (E) ≥ 3 because of Theorem 3.8. Therefore, C(E) ≥ C 2 (E) · C 3 (E) = 9 > 8, which is impossible by Theorem 2.6. It follows that neither Q(E [12] )/Q nor Q(E [24] )/Q can be abelian. This shows that n = 2, 3, 4, 5, 6, or 8.
The possible structures for Gal(Q(E[n])/Q) when n is a power of 2 were shown in Theorem 5.1. 3 . We will show in Section 6 that all these structures do indeed occur. This concludes the proof of the theorem. Theorem 5.3. Let E/Q be an elliptic curve without complex multiplication, let n ≥ 2, and suppose that Q(E[n]) = Q(ζ n ), where ζ n is a primitive n-th root of unity. Then, n = 2, 3, 4, or 5.
Proof. By Theorem 5.2 we know that n = 2, 3, 4, 5, 6, or 8. Hence, it suffices to show that Q(E[n]) = Q(ζ n ) is not possible when n = 6 and n = 8.
Then, E/Q is a curve defined over Q such that E(Q( √ −3)) tors contains a subgroup of the form Z/6Z × Z/6Z. But this is impossible by Theorem 2.2.
is impossible, and this concludes the proof of the theorem.
Parametrizations
In this section we describe the parametrizations of elliptic curves E over Q with cyclotomic or abelian division fields Q(E[n]).
Q(E[2]
). If we write E : y 2 = f (x) = x 3 + ax + b with discriminant ∆ E = 0, then we have Gal(Q(E [2] )/Q) = Gal(f ), and there are three possibilities for
(1) G is trivial if and only if f (x) is not irreducible over Q and ∆ E is a perfect square. Equivalently, these are the elliptic curves of the form
with non-zero and distinct rational numbers c, d. (2) G ∼ = Z/2Z if and only if f (x) is not irreducible over Q and ∆ E is not a perfect square.
Equivalently, these are the elliptic curves of the form E e,f : y 2 = x(x 2 + ex + f ), with e 2 − 4f = .
(3) G ∼ = Z/3Z if and only if f (x) is irreducible over Q and ∆ E is a perfect square. Equivalently, these are the elliptic curves of the form
For instance, a one parameter family of such curves is given by the so-called simplest cubic fields [36] :
(1) If G ∼ = Z/2Z, then the existence of the Weil pairing forces Q(E[3]) = Q( √ −3). The curves E with full 3-torsion over Q( √ −3) are parametrized by X(3), given by the Hesse cubic ( [34] ), which has a Weierstrass model:
,
(t 3 −1) 3 . We note here that the curves in this family have a 3-torsion point defined over Q. A different model can be found in [30] .
(2) If G ∼ = (Z/2Z) 2 , and G is diagonalizable, then G is a full split Cartan subgroup of GL(2, Z/3Z).
The curves with split Cartan image are parametrized by the modular curve X s (3). Suppose E/Q has G congruent to a full split Cartan subgroup of GL(2, Z/3Z). Then,
and since φ 1 · φ 2 = det(ρ E,3 ) = χ 3 is the 3rd cyclotomic character, we must have φ 1 = χ 3 ψ and φ 2 = ψ −1 = ψ, where ψ : Gal(Q/Q) → (Z/3Z) × is a quadratic character. Let E ψ /Q be the quadratic twist of E/Q by ψ. Then,
and, therefore, E ψ is a curve over Q with full 3-torsion over Q( √ −3). Hence, j(E ψ ) is one of the j-invariants that appear associated to a non-cuspidal rational point on X(3). Hence,
, then E is a quadratic twist of a curve E X(3) (t)/Q as above, with full 3-torsion over Q( √ −3), and the image of ρ E,3 is contained in the split Cartan. If the quadratic twist is by a character ψ such that the quadratic character ψχ 3 is non-trivial, then G = (Z/2Z) 2 , as desired. In particular, we have shown that j Xs(3) (t) = j X(3) (t). 4 (Gal(Q/Q)) appears in the list of possible abelian images in the proof of Theorem 5.1 (which in turn are the images classified in [33] ), as an abelian group in level 4 or 8, or as an abelian group of level 2 that stays abelian under full inverse image in level 4. Here we show examples of infinite families (most of them as they appear in [33] ) for each possible combination of Galois group G, and rational 4-torsion E(Q) [4] .
Q(E[4]). If
(1) G ∼ = Z/2Z, and E(Q) [4] 
X60d :
X58i :
X27f :
Alternatively, the quadratic twists of X60d are also in this category (which correspond to image X60 in [33] ). One family is given by the quadratic twists of X58i given above, which in fact constitute the points on the modular curve X s (4). Other families with these properties are X24d, X24e, X25h, and X25i. For instance, here is X24d: X8d :
: this is the family of quadratic twists of the curves E in the family X8d, such that the quadratic field defined by the twist is not contained in the (Z/2Z) 3 -extension defined by Q(E [4] )/Q.
, then the existence of the Weil pairing forces Q(E[5]) = Q(ζ 5 ). The curves E with full 5-torsion over Q(ζ 5 ) are parametrized by X(5), which has a Weierstrass model (see [34] , who acknowledge [18] ):
, then a similar argument to the case of G ∼ = (Z/2Z) 2 for Q(E [3] )
shows that E must be a quadratic twist of one of the curves E X(5) (t) given in the previous case (in fact, any non-trivial twist, except for the quadratic twist E 5 of E by d = 5). Hence, j(E) = j(E X(5) (t)) for some t ∈ Q. (3) If G ∼ = (Z/4Z) 2 , and G is diagonalizable, then G is a full split Cartan of GL(2, Z/5Z). The curves with split Cartan image are parametrized by the modular curve X s (5). A model can be found in [39] , with j-line j : X s (5) → P 1 (Q) given by j Xs(5) (t) = (t 2 + 5t + 5) 3 (t 4 + 5t 2 + 25) 3 (t 4 + 5t 3 + 20t 2 + 25t + 25) 3 (t(t 4 + 5t 3 + 15t 2 + 25t + 25)) 5 .
Q(E[6]
). If G = Gal(Q(E [6] )/Q) is abelian, then Lemma 3.12 says that Gal(Q(E [2] )/Q) ∼ = Z/2Z (and, therefore, there is a 2-torsion point defined over Q).
, then E has a 3-torsion point over Q, and an independent rational 3-isogeny, and if k = 2, then E has two independent rational 3-isogenies (and E is a quadratic twist of a curve E ′ with 2 , then E/Q is characterized by having two distinct rational 3-isogenies and a rational point of order 6. In order to build the curves in this family, we first note that E is isogenous to a curve with E ′ with a Q-isogeny of degree 18. Hence,
, where the j-line for X 0 (18) is given by ( [14] )
Now, using the formulas of Vélu [38] , we find the formula for the j-invariant of the curve E such that E ′ → E is an isogeny of degree 6. The j-invariant of E, in terms of the parameter t, is given by
and a family of elliptic curves E t with j-invariant equal to j(E t ) is given by
Finally, one can verify that E t has a Q(t)-rational point of order 6, and two rational 3-isogenies. 2 and by our results in Section 6.2 for n = 3, we have that E/Q is a quadratic twist of one of the elliptic curves E t with 6-torsion defined over a biquadratic field F . Conversely, if E t is as above, F = Q(E [6] ) is a biquadratic field, and if Here we show examples of infinite families (most of them as they appear in [33] ) for each possible combination of Galois group G, and rational 8-torsion E(Q) [8] .
(1) G ∼ = (Z/2Z) 4 , and E(Q)[8] ∼ = Z/2Z ⊕ Z/2Z: there are 28 families of curves with these properties (see Table 4 in section 7.4 for the full list and concrete examples). For instance,
(2) G ∼ = (Z/2Z) 4 , and E(Q)[8] ∼ = Z/2Z ⊕ Z/4Z: there are 6 families of curves with these properties (see Table 4 in section 7.4 for the full list and concrete examples). For instance,
(3) G ∼ = (Z/2Z) 5 , and E(Q)[8] ∼ = Z/2Z ⊕ Z/2Z: there are 13 families of curves with these properties (see Table 4 in section 7.4 for the full list and concrete examples). For instance,
(4) G ∼ = (Z/2Z) 5 , and E(Q) [8] ∼ = Z/2Z ⊕ Z/4Z: these are the curves in the family X58i that was already given in the section for abelian Q(E [4] )/Q extensions.
(5) G ∼ = (Z/2Z) 6 , and E(Q)[8] ∼ = Z/2Z ⊕ Z/2Z: the curves with these properties belong to the family of quadratic twists of the curves E in the family X58i, such that the quadratic field defined by the twist is not contained in the (Z/2Z) 5 -extension defined by Q(E [8] )/Q.
Appendix: Tables
In this section we include four tables that summarize our findings and provide concrete examples of elliptic curves (or families of elliptic curves) with each possible isomorphism type of abelian division field, and torsion structure over Q.
7.1. Table 1 : CM curves. In this table, for each rational j-invariant with complex multiplication (and for each Q-isomorphism class), we give (a) the degrees of the Q-isogenies (with cyclic kernel) for elliptic curves in this Q-isomorphism class, (b) the Galois structure of the 2-torsion division field Q(E [2] ), (c) the largest division field Q(E[n]) that is abelian over Q, and (d) the largest division field Q(E[n]) that is isomorphic to Q(ζ n ), if any. Table 2 : n = 3, 5, or 6. In this table, for each n = 3, 5, or 6, and for each of the possible isomorphism type of Gal(Q(E[n])/Q), we give (a) the possible torsion structures of E(Q)[n], (b) an example of an elliptic curve E/Q with each Galois group and torsion structure, using the notation of Cremona's database [6] , and (c) the actual division field Q(E[n]) for the concrete example curve given in (b). We remark here that the actual field Q(E[n]) depends on the choice of E/Q, when Q(ζ n ) Q(E[n]).
(Z/4Z) 2 {O} 18176b2 Q(ζ 5 , α)
7.3. Table 3 : n = 2 or 4. In this table, and Table 4 in Section 7.4, for each n = 2, 4, or 8, and for each of the possible isomorphism types of Gal(Q(E[n])/Q), we give (a) the possible torsion structures of E(Q)[n], (b) an infinite family of examples with each Galois group and torsion structure, using the notation of [33] , (c) an example of an elliptic curve in the family given in (b), and (d) the actual division field Q(E[n]) for the concrete example curve given in (c). We remark here that the actual field Q(E[n]) depends on the choice of E/Q, when Q(ζ n ) Q(E[n]).
(Z/2Z) 3 Z/2Z X27 1845c4 Q(ζ 4 , √ 3, √ 10)
7.4. 6 Z/2Z ⊕ Z/2Z X58 6435f3
